Let H be a group and N a normal subgroup. Assume that χ is an irreducible (complex) character of H 9 and that the restriction of χ to N is a multiple of some irreducible character of N, say θ. Then χ^ = eθ, and e is called the ramification index. It is easy to see that it always satisfies e 2 ^ \H:N\, and when equality holds, χ is said to be fully ramified over N. It is this "fully ramified case" which will be studied here in some detail. As an application of some of the methods of this paper, we prove the following solvability theorem in the last section. If H has an irreducible character fully ramified over a normal subgroup N and if p 4 is the highest power of p dividing \H:N\ for all primes corresponding to nonabelian Sylow p-subgroups of H/N, then HjN is solvable.
1, Fully ramified triples* Groups of type Lr* To simplify notation, say that (H, N, χ) is a fully ramified triple if χ is an irreducible character of H, N is normal in H, and χ is fully ramified over N. It has been conjectured in [13] that H/N is solvable in this case, and some partial results in this direction appear in [12] . We extend this work in Theorem 4.5 below. It is also possible to show that no known simple group can occur as a homomorphic image of H/N, but we will only need to consider a few cases in this paper (see Lemmas 4.1 and 4. 3).
Since we are primarily concerned with the factor group H/N, rather than with H itself, the following theorem (due ultimately to I. Schur and A. H. Clifford) is extremely useful. THEOREM 
Let H be a group, N a normal subgroup, and χ an irreducible character of H. Let θ be an irreducible constituent of Xx, and assume χ N -eθ (i.e. θ is invariant).
Then, there exists a group £Γ*, with an irreducible character χ*, and a normal subgroup N* having a faithful irreducible character θ*, such that χ** = eθ* iV* is central in H* and H/N ^ H*/N* . to K/N, then: and X%* -Wtl(ψ* + • + ψ t) ... + ψ*), where ψ lf , ^(resp. ψ* t , -ψf) are ίfee distinct conjugates of some irreducible constituent of χ x (resp. χ£*) /w particular, (ίζ if, χ) is a fully ramified triple if and only if (H*, K*, χ*) is a /ttiί^/ ramified triple.
Moreover, the isomorphism is "natural" in the sense that if K is any normal subgroup of H containing N, and K*/N* corresponds
Many other properties hold than those listed above, but they will not be needed. A proof may be found in [9] . If (H, N, χ) is a fully ramified triple in which N is a central subgroup, then it is easy to see that N must be the center, since IH: N\ = χ(l) 2 
^ |H: Z(H)\^\H:N\.
Groups with this property have been referred to in the literature as groups of central type, and in view of Theorem 1.1, there is no essential difference between fully ramified triples and groups of central type. Lemma 2.3 (a) gives a way of constructing new fully ramified triples from old ones. Unfortunately, these new triples need not correspond to groups of central type, even when the original triple does. Because of this, we state our results for triples, rather than groups of central type.
Define a group G to be of type f.r. if G is isomorphic to H/N, for some fully ramified triple (H 9 N, χ). Groups of type f.r. have been characterized in [12] as those groups G having a factor set a, over the multiplicative group of complex numbers, such that the corresponding twisted group algebra C[G] a is simple (or equivalently, has center = C). We shall have no occasion to use this characterization here.
The next theorem may be used to construct examples of fully ramified triples. It will not be needed in any of the later sections, but it does restrict the kinds of properties that hold in groups of type f.r. In particular, if & is any property of groups which is inherited by subgroups, then the existence of any solvable group not satisfying & implies the existence of a (solvable) group of type f.r. not satisfying ^.
In the following, π(K) denotes the set of prime divisors of the order of K. Proof. Choose M <\G with \G: M\ = p, a prime. By induction, there is a fully ramified triple (K, Z(K) 
where C is a cyclic group of order p, and λ is a faithful linear character of C. We may therefore assume
Then W S ^(^ x ί x x -ίQ, and we may form the quotient
, and note that W = ker 57, so we may view ηelτr(U).
It is easy to check that
, so its order is square-free and π(U) = 7r(G).
Let <δ> be a cyclic group of order p. Fix an element zeZ(K) of order p, and construct an automorphism a of U x (b) as follows:
, «p) TΓ, 60 -ίU ((^a?,,, a?i, a? 2 , ,
for x l9 , x p 6 if and 0 <^ i < p. It is easy to check that a is well defined, and is an automorphism of order p. Using this automorphism, construct the usual semi-direct product H = (U x <6»X1 (a). Notice
Z(H) -Z(U).
Extend ^6lrr(C7x <δ» so that ker η = <δ>. Now <δ> is not normalized by α, so yj is not an invariant character. It follows that χ = η H is irreducible, and ker χ -Core#«6» = 1. Now:
, and \Z{H)\ is square-free.
It remains only to check that G is isomorphic to a subgroup of H/Z(H). From the construction of H, the group H/Z(H) is isomorphic to the direct product of a cyclic group of order p (generated by the image of 6 in H/Z(H)) with the wreath product (K/Z(K)) I (a). As M is isomorphic to a subgroup of K/Z(K), it follows MZ (a) is isomorphic to a subgroup of (K/Z(K)) 2 <α>. Finally, G^MZ (G/M) s Af 2 <α>, and this completes the proof. (Elementary properties of the wreath product which were used may be found in [8] . See especially pp. 98-99). 
Thus ί = 1 and the character ζ = d is the only irreducible constituent of XLZ-Lemma 2.1(e) shows that {LZ, Z, ζ) is a fully ramified triple.
Finally
is a fully ramified triple, and the proof is complete.
If p is a prime and G is a group, let Syl p (G) denote the set of Sylow ^-subgroups of G. Also, for any integer n, let n v denote the p-part of n. LEMMA 2.3. Let (H, Z, X) But ^(1)^ = (J^l), so a p t p = bs. We already had a% = b 2 s, so α p = b and ί p = β.
The group ^(0\) stabilizes σ ι and acts on the set of irreducible constituents of σf = Σa^τ^ As R Π K is contained in ^H{^%) for all i, it follows that all orbits of ^(OΊ) on {τ lf " ,τ t } have p-power size. Clearly a t = % if τ f and τ,-lie in the same orbit, and we may write 0"? = Σ-α s,(Σπe^)> where the outer sum extends over all orbits, and a^ is the common value of α^ for any τ t e έ?.
Comparing degrees, | K:
. Now ^(1) = τ x {l) P and | JRΓ: iΓ Γi i?| is prime to p, so Σa c | ^| E£ O(modp). Thus, there exists an orbit & with α^|^| Ξ£ 0(mod p). But this means &> = {r, } for some y, and α, =£ 0 (so that τ ό ^ σf). Choose notation so that Tj = r x . Hence ^ is invariant under ^R(p^), and thus From (a), M^fa), K, ψ,) is a fully ramified triple, so a\ is the order of a Sylow p-subgroup of ^H{τ^/K.
P^fo) Π i£)i£: i£| = |^(r,) Π JB: JB Π K\. But we had so equality holds, and this completes the proof of (b). In fact the last argument shows slightly more, namely 
(This could also be seen by applying Theorem 1.1 to the group ^R{σ,).) By Lemma 2.3 (c), H/K = G has a subgroup M of index s, and this is clearly a ^-complement in G. Suppose now G is simple. If a Sylow g-subgroup, say Q, of G is cyclic for some other prime q, then Q acts faithfully on the \P\ cosets of M, so that \Q\ < \P\. Interchanging the roles of P and Q yields \Q\ > \P\, and this contradication establishes (a).
To prove that P is a self-centralizing T.L set in G, it suffices to show CaiΩ^P)) = P. Let C = C^Ω^P)). As P Π M = 1 and PM = G, we have C = P(C ill), so that C Π M is a p-complement in C. Now N C (P) acts on P and centralizes Ω^P), and hence centralizes P by Fitting's lemma (see p. 178 of [6] ). But then by Burnside's transfer theorem (see p. 419 of [8] , also p. 252 of [6] ), C has a normal p-complement, which must be
. If \P\ = p, then G must be doubly transitive on the cosets of M by a theorem of Burnside's (see p. 609 of [8] ). If \P\> P, then P is a jB-group (p. 65 of [15] ) and it suffices to show that G is primitive on the cosets of M. Suppose G is not primitive, so there exists a subgroup L with M < L < G. But then 1 < Pf] L and P Π L is normalized by P. Since G = PL, it follows that the normal closure of P Π 1/ is contained in Z,, contradicting the simplicity of G. (This last assertion can also be proved by considering the Brauer tree of the principal p-block of G. It can be proved that the principal character can be connected only to a nonexceptional character, and the double transitivity follows.) 3. Special elements* Let (H, Z, χ) be a fully ramified triple, and let K be a normal subgroup of H containing Z. Also, let ξ denote an irreducible constituent of χ κ . Information about the group H/K was obtained in the previous section by considering the possible indices for the inertia group of 6. In this section, we obtain information about the group K/Z by considering elements of K at which ξ does not vanish (for all possible ξ). Under the right conditions, K/Z will have a proper normal subgroup. The main application of the methods of this section are contained in Corollary 3.6.
The following concept first appears in [5] , and a slight variation of it appears in [9] . DEFINITION. Let N<]G, and let irelτγ(N) be invariant under G. For every x, yeG with [x, y] = x~xy~xxy e N, define the complex number {{x, y} as follows. Extend | to f on <JV, y). Now x normalizes the group (N, y) , and fixes ψ, so φ* is another extension of ψ. It follows that ψ x = Xψ, where λ is a linear character of <JV, y) with N in its kernel. Moreover, λ is uniquely determined, i.e., is independent of the choice of the extension ψ. Define ({x, y)) to be X(y).
The definition above of course depends on ψ. Properties of the map ({,)) may be found in [9] . In particular, ((x, y} is multiplicative in x and y whenever it is defined, and ((x, y} = ((y, x}' 1 if ({#, y} is defined.
We are now ready to define special elements. If g is special, then so is every conjugate of g, and every element the of the coset gN. We may therefore speak of the special classes of G/N. The following theorem and its proof appear in [5] . Because of Theorem 1.1, the case that N^Z(G) f and ψ is a faithful linear character of N, deserves to be singled out. In this case, the computation of { (x, y}, for x, y eG with [x, y] e N, becomes easier to carry out: Let ψ be an extension of ψ to (N, y) . This is an abelian group, so ψ is linear. Moreover, ψ x = Xψ for λ e Irr «ΛΓ, y)) with AΓgkerλ. All characters appearing in this equation are linear, and so we may solve for λ: λ = ψ" 1^.
Evaluating at y yields: Thus ({x, y} = ψ([x, y] Proof. As usual, we may assume Z = Z(H), and then we may identify <(,)) with [,] . If θ is the unique constituent of χ z , then χ is the unique constituent of Θ H . By Theorem 3.1, there is only one special class of H/Z, and this must be the class of the identity element. Suppose (gZ) is a self-centralizing subgroup of H/Z. Then [x, g] e Z implies xe {Z, g), and since this last group is abelian, [x, g] = 1. But then g is special, and since Γ is the only special class of H/Z> it follows that geZ.
Hence,
LEMMA 3.3. Let ψelττ(N), where N<]G and f is faithful. Assume iVg Z(G), so that ψ is invariant in G, and special elements of G are defined. Let χ be a constituent of ψ G . If g is not special, then χ(g) = 0.
Proof. For g not special, there exists x e G with [x, g] e N and \x, g] Φ 1. Since χ is a class function:
where the last equality follows from the fact that [g, x] is represented as a scalar matrix, with scalar ψ ([g, x] ), in any representation affording χ. But φ ([g, x] ) Φ 1, as ψ is faithful, so χ(g) = 0. When N £ Z(G) and ^ is a faithful character of N, the following gives a stronger relation between constituents of ψ G and the special classes of G/N than is already implied in Theorem 3.1. Proof. (Only if) If (χ ι (^J )) is nonsingular, then certainly for every j, the jth column is nonzero. By the previous lemma, this means that g d is special. Let -denote the natural map from G to G/N. We need to check that g l9 -,g m lie in distinct conjugacy classes. Suppose g t is conjugate to g 3 . Then x~ιg t x = ng j9 for some x e G and n e N. Then, for every k:
so that the ί-th and i-th columns of the matrix differ by the scalar multiple ψ(n). This can only happen if i = j, and we are done with this half of the theorem. The third equality follows from Lemma 3.3, and the last follows from the fact that χ ι (g)χ j (g~1) is constant on cosets of N. We therefore have:
Writing this last identity in matrix form: ,0" } The group R Π K is contained in the kernel of both actions, so the p-group R/(R Γ) K) acts on both sets. This action may be extended in the natural way to each of the four additive groups above, so that each such group is an R/(R Π K)-moάxύe. 
. Suppose zgi~κz'gj-
The above implies that i = j.
and so θ(z) = θ(z'). But θ is faithful because χ is, and so 2 = z'. This proves (a). Now suppose g e R Γ) K and # is special in K. We have just shown that g lf , g 8 represent distinct (special) conjugacy classes in K/Z. We may therefore find {x 2 
, , $.} S {&, •••f i r, } such that g = x if x if
, cc 8 represent distinct con jugacy classes in JBΓ/Z, so that the t x s matrix fafe)) has rank s, by Theorem 3.4. Now (^(α?/)) = B(ffi(Xj)), and this equation implies that the s x s matrix (σ^x,)) is non-singular. By Theorem 3.4 again, x λ = g is special in R Π K. Hence g is conjugate in R Π K to some element of the form zg t . Uniqueness of this element is clear, as these elements are not fused in K even. This proves (b) .
Suppose now g, h e R Π K, g is special in R Π K and g ~κ h. By (a) above, g is special in K and hence so is h. However, he R Π K, so by (b) above, h is special in R Π K. From (b) again, g and h are conjugate in R Π K to elements of the form zg t and z r g ό respectively, for some z, z'e Z and 1 ^ i, j ^ s. Hence zg t ~κz'gj, and from (a) we get z = z\ i = j. Thus, # and Λ, are fused in R Π K, completing the proof of (c).
As an application of the above non-fusion theorem, we have: By Theorem 3.5 (c), #* is conjugate in R f] K to g. But i? Π K is abelian, so <? x = g, and this shows:
253 of [6] ). Thus, the case s > 1 leads to a contradiction, and the corollary is proved. 4* A solvability theorem* The final theorem of this section is a solvability theorem for certain groups of type f.r. In order to prove that theorem, it is first necessary to show that certain groups do not occur as homomorphic images of groups of type f.r. LEMMA 4.1. Let G be a simple subgroup of A 9 (the alternating group on 9 letters). Then G is not a homomorphic image of a group of type f.r.
Proof. Suppose G is such a homomorphic image. Now | G | divides 9 8 7 6.5 4 3 = 2 6 .3 4 .5 7. Suppose 5 I \G\. By Theorem 2.5 with p = 5, we get G ^ A δ , and so G = A δ . This contradicts Theorem 2.5 (a), and so 5||G|. By Burnside's p a q b theorem (see p. 131 of [6] ), π(G) = {2, 3, 7}. Hence, 7 I |G|, and using Theorem 2.5 with p = 7, we get G ^ A 7 . Thus \G\ divides 7 6 4 3 = 2 3 3 2 7, as 5||G|. Using Theorem 2.5 (a) again, a Sylow 3-subgroup of G cannot be cyclic. We therefore have |G| = 2 J '-3 2 -7, for some j. By Burnside's transfer theorem, P < N G (P) ^ N Aγ (P), where Pis a Sylow 7-subgroup of G. This last group has order 21, so | N G (P) = 21. By Sylow's theorem, 2 J " 3 = 1 mod 7, and this is the final contradiction. The next fact which is needed is a purely number theoretic statement, due to G. D. Birkhoff and H. S. Vandiver, which first appeared about the turn of the century. A proof of the above lemma for n ^ 3 may be found in [1] , where, in fact, a more general version is given. Of course, the case n = 2 is a triviality.
The above lemma is extremely useful, when used in conjunction with Theorem 2.5, in eliminating known simple groups from occuring as factor groups of groups of type f .r. However, in this section, we shall only need the following: , only in the case p n = 9 and m = 6 (see p. 214 of [8] ). This proves the statement, as 6 is not a prime power.
Suppose X is a homomorphic image of H/Z, where (H, Z, χ) is a fully ramified triple. Let K be the kernel of this homomorphism, and S the inverse image of PSL (2, p n ). Then, Z S K S S £ H, where K and S are normal in H f H/K ~ X and S/K s PSL (2, p n 
Suppose there exists a prime q satisfying the following conditions:
q\n. Then q divides exactly one of (p n + 1) or (p n -1), as q is odd, and a Sylow g-subgroup of S/K is cyclic of order < p % by (iv). By (v), a Sylow ^-subgroup of S/K is also one for H/K, implying that H/K has a g-complement, by Theorem 2.5. But then S/iΓ also has a g-complement, contradicting the first paragraph.
We now prove, under the hypothesis p n ^ 4, a prime # can always be chosen satisfying (i)-(v) above.
Suppose q is an odd prime dividing p n -1, but not dividing p m -1 for any m < n (iί n = 1, this last condition is vacuously true). Clearly, q satisfies (i)-(iv) above. Now q divides p q~ι -1, forcing n ^ q -1, so that q also satisfies (v). In particular, we are done if n -1, unless p -1 is a power of 2. If % > 1, then Lemma 4.2 is applicable (with p in place of α), and any prime satisfying the conclusion of that lemma also satisfies (i)-(v) above. This brings us to one of the following cases:
(a) n = 1 and p -1 is a power of 2 (b) n -2 and p + 1 is a power of 2 (c) w = 6 and p = 2. We consider these cases in turn.
Case (a). Since p % ^ 4, it follows that p + 1 is even, and is not a power of 2. Any odd prime divisor of p + 1 satisfies (i)-(v) above, and we are done in this case.
Case (b). Since p 2 + 1 is twice an odd number, in this case, let q be an odd prime divisor of p 2 + 1. Again, it is readily checked that q satisfies (i)-(v) above.
Case (c). Here |PSL (2, p n )\ = 65-64-63, and the prime q = 5 satisfies the five conditions above.
Let (H, Z, χ) be a fully ramified triple, and assume that H/Z has an abelian Sylow p-subgroup for some prime p. We saw in the previous section (Corollary 3.6) 
This contradicts the fact that x is not special, and proves that the only special element of (R Π K)/Z which lies in C/Z is the identity.
Consider now the case that p is odd.
As p is odd, (i2 n K)/Z is a regular p-group, being of class 2. It follows from the Hall-Wielandt theorem (see p. 447 of [8] Suppose now p = 2. Then (iϋ Π i£)/i? is non-abelian of order 8, and a nonidentity special elemet, say gZ, of (R Π K)/Z does not lie in C/Z.
Consider first the case that (R Π K)/Z is the quaternion group. Again, if N = N K (R Π K), the element gZ can only be conjugate to g~ιZ_ in N/Z. This implies N/Cχ(E7γK) is a 2-group. Clearly, Nκ(S)/Cκ(S) is a 2-group for all S < RITE, as S is cyclic. Thus, K has a normal 2-complement by Frobenius' theorem (see p. 253 of [6] ). This contradicts O\K)Z = K, forcing (R f] K)/Z to be the dihedral group of order 8.
From the classification of groups with dihedral Sylow 2-subgroups, and the fact that O 2 (K/Z) = K/Z, it follows that K/Z has a factor group isomorphic to F, where PSL (2, p n ) ^ Y <: PΓL (2, p % ) for some odd prime power p n Φ 3, or Y = A 7 . From this, it follows that iΓ/Z has exactly one chief factor isomorphic to the simple group S, where S = PSL (2, p Λ ), orS= A 7 . Therefore, H/Z has a chief factor isomorphic to S. Let ^£Fg U^ H, with F and ?7 normal in H, and [7/ F s S. Define C by the equation: C/V= C Hlv ( U/ V). Then C < J5Γ, and C (Ί Z7 = F. Replacing 17 and F by UC and C respectively, and continuing this process, if necessary, we may assume C = F The factor group if/F is isomorphic to a group X, which satisfies: S <I X ^ Aut (S). Since Aut (PSL (2, p w )) -PΓL (2, p*), Lemma 4.3 forces S = A 7 . Now, Aut (A 7 ) ^ S 7 , the symmetric group on 7 letters, so that H/Z has a factor group which is either A 7 or S 7 . Both of these groups contain a cyclic Sylow 5-subgroup of order 5, but neither group contains a subgroup of index 5. This contradiction to Theorem 2.5 completes the proof of the lemma.
We are now ready to give an application of the above. In [12] , G is shown to be solvable if G is of type f.r., and p B )f\G\ for any prime p dividing \G\. Suppose then H/Z is perfect, and let K/Z be a maximal normal subgroup. Then H/K is a non-abelian simple group, and hence has even order by [4] . Also, a Sylow 2-subgroup S of H/K has order 4, as otherwise H/K would have a normal 2-complement. Suppose S has order 4. Then H/K ~ PSL (2, q) 9 where q is an odd prime power. But these simple groups are eliminated as possible homomorphic images of H/Z by Lemma 4.3. If \S\ = 8, then apply Lemma 2.3 for the prime 2. Here d 2 s = 8, and so s -2 or 8. By the (c) part of that lemma, H/K has a subgroup of index s, which implies s = 8. However, this possibility is ruled out by Lemma 4.1. Thus, |S| ^16.
If S is non-abelian, then the hypotheses of the theorem imply that I S> I = 16, and S is isomorphic to a Sylow 2-subgroup of G. By Lemma 2.2, S is of type f.r. However, the only non-abelian groups of order 16 that occur as Sylow 2-subgroups of simple groups are dihedral and semi-dihedral. These types have cyclic self-centralizing subgroups, and by Corollary 3.2, S can have no such subgroup. Therefore, S must be abelian and \S\ ^ 16. By Walter's Theorem [14] , H/K ~ PSL (2, I S\). This contradicts Lemma 4.3, and establishes the theorem.
It is possible to show that no known simple group can be a factor group of a group of type f.r. This strongly suggests that a group of type f.r. cannot be perfect. It would be desirable to have a proof of this fact, since it would represent a major step in proving that groups of type f.r. are solvable.
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